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Abstract 
When structural damage occurs, nonlinearity usually exists in damaged structures. So far, some progresses in the 
identification of nonlinearity in structures have been made. The extended Kalman filter (EKF) has been applied for 
the identification of nonlinear structural parameters. However, since the extended state vector contains both the state 
vector and the structural parameters, EKF approach can identify limited numbers of nonlinear structural parameters 
due to computational convergence difficulty. To overcome such problem, a two-stage Kalman estimator approach, 
which is not available in the previous literature, is proposed for the identification of nonlinear structural parameters 
under limited acceleration output measurements. In the first stage, state vector of a nonlinear structure is considered 
as an implicit function of the nonlinear structural parameters, and the parametric vector is estimated directly based on 
the Kalman estimator. In the second stage, state vector of the nonlinear structure is updated by applying the Kalman 
estimator with the structural parameters being estimated in the first stage. Therefore, analytical recursive solutions for 
the structural nonlinear parameters and state vector are respectively derived and presented, by using the Kalman 
estimator method respectively. The proposed approach is straightforward. Moreover, it can greatly reduce the time of 
iteration calculation. To demonstrate the accuracy and effectiveness of the proposed approach, numerical example of 
identifying the parameters of a 6-story hysteretic shear building is conducted. Simulation results show that the 
proposed approach is able to identify nonlinear structural systems involving a large number of unknown parameters 
compared with the conventional EKF technique. 
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1. Introduction 
Detection of structural damages is necessary to ensure the reliability and safety of structures. 
Therefore, system identification (SI) of structural system, or structural identification, based on structural 
damage detection techniques has received great attention in recent years. Accordingly, varieties of 
analysis methodologies for structural parameters identification, based on measured vibration data, such as 
acceleration et al, have been developed. These methodologies mainly include the least-squares estimation 
(LSE) and the extended Kalman filter (EKF) and so on. In the EKF approach, both the state vector X and 
the parametric vector ș are estimated simultaneously. However, it has been demonstrated that the EKF is 
sensitive to initial estimates of the parameters and exhibit divergent behavior for large numbers of 
parameters to be estimated, since the dimension of X plus that of ș is usually large(Erik G. Straser and 
Annie S. Kiremidjian, 1996). Hence, problem in the nonlinear system comes, for that the nonlinear 
parameters which make the dimension of the extended state vector larger are usually included in 
nonlinear systems. As a result, the EKF can only be useful and efficient in small size linear structures or 
substructures. 
To remove the drawbacks of the EKF approach, in this paper, a two-stage Kalman estimator approach, 
which is not available in the previous literature, is proposed. In the first stage, state vector X is considered 
as an implicit function of the nonlinear structural parameters (J.N.Yang et al, 2009), and the parametric 
vector ș is estimated directly based on the Kalman estimator. In the second stage, state vector X of the 
nonlinear structure is updated by applying the Kalman estimator with the structural parameters being 
estimated in the first stage. Therefore, analytical recursive solutions for the structural parameters and state 
vector are respectively derived and presented, by using the Kalman estimator method respectively. Further, 
a numerical example of identifying the parameters of a 6-story hysteretic shear building is conducted to 
demonstrate the accuracy and effectiveness of the proposed approach. 
2. The Two-Stage Kalman Estimation Approach 
2.1. Solutions for the structural parameters ș 
The equation of motion of a structure under external excitation can be written as 
c s(t)+ [ (t), ]+ [ (t), ]= (t) Mx F x ș F x ș Șf  (1) 
in which T1 2(t)=[ , ,..., ]nx x xx =n-displacement vector; 
T
1 2=[ , ,..., ]mT T TT =m-unknown parameter of the 
structure, including damping, stiffness, nonlinear parameters; c[ (t), ]F x ș =damping force vector; 
s[ (t), ]F x ș =stiffness force vector; (t)f =excitation vector, and Ș = excitation influence matrix. 
Introducing a state vector with a dimension of 2m, i.e. 
(t)= ª º« »
¬ ¼
x
X
x
 (2) 
One can transform the equation of motion in Eq. 1 into a state equation. i.e. 
 -1 c s
(t) = ( , , )=
- [ (t), ]- [ (t), ]+ (t)t
d
d
ª º
« »
¬ ¼


xX g X ș f
M F x ș F x ș Șf
 (3) 
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State vector of a structure k+1X is considered as an implicit function of the structural parametersș , i.e. 
k+1 k+1( )X ș . A discrete equation for an observation vector can be expressed ad follows: 
> @k+1 k+1 k+1 k+1 k+1 k+1= ( ), , +y h X ș ș f v  (4) 
in which k+1v  is a measurement noise vector.  
Let k+1șˆ be the estimate of k+1ș at  t= k+1 ǻt  and  k+1 k k+1/kˆ ˆ=X ș X be the estimate of 
k+1X at t= k+1 ǻt˄ ˅ . Since > @k+1 k+1 k+1 k+1( ), ,h X ș ș f  is a nonlinear function of unknown vector 
k+1ș , it will be linearized around k+1 kˆ ș ș and  k+1 k k+1/kˆ ˆ=X ș X at the previous step t=k t'  
through Taylor expand, i.e.  
> @  k+1 k+1 k+1 k+1 k+1/k k k+1 k+1 k+1 kˆ ˆˆ( ), , = , , + -ª º¬ ¼h X ș ș f h X ș f H ș ș  (5) 
In estimation method, Eq.5 can be rewritten as follow: 
 k+1/k k+1/k k+1/k k k/k-1 k/k-1 k k+1/k k+1/k k/k-1ˆ ˆ ˆ ˆ ˆˆ ˆ( ), , = , , + -ª º ª º¬ ¼ ¬ ¼h X ș ș f h X ș f H ș ș  (6) 
in which 
k+1/k ,k+1/k ,k+1/k ,k+1/k= +ș X șH H H X  (7) 
 
k k/k-1 k k/k-1
k k k
,k+1/k
ˆˆk = , =
, ,
=
ªw º
« »w¬ ¼
ș
X X ș ș
h X ș f
H
ș
 (8) 
 
k k/k-1 k k/k-1
k k k
,k+1/k
ˆˆk = , =
, ,
=
ªw º
« »w¬ ¼
X
X X ș ș
h X ș f
H
X
 (9) 
k k/k-1
k
,k+1/k
ˆk =
=
ª ºw
« »w¬ ¼
ș
ș ș
XX
ș
 (10) 
Since Eq.6 is linear, the structural parameters can be estimated by Kalman estimation approach as follow: 
The state prediction equation: 
(t+1)ǻt
k+1/k k/k-1 tǻt
ˆ= + dt³ șș ș g  (11) 
in which șg  is the equation of the structural parametersș . Since the structural parameters are constant, 
so = =0șg ș and k+1/k k/k-1ˆ=ș ș .Therefore, the state filter equation: 
 
 
k+1/k k+1/k k+1/k k k/k-1 k/k-1 k
k/k-1 k+1/k k k/k-1 k/k-1 k
ˆ ˆˆ= + - , ,
ˆ ˆˆ= + - , ,
ª º
¬ ¼
ª º
¬ ¼
ș ș K y h X ș f
ș K y h X ș f
 (12) 
Adaptation gain matrix is expressed: 
T
k+1/k k/k-1 k/k-1 k/k-1=P ĭ P ĭ  (13) 
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in which 
k/k-1
ˆ( )ǻt
k/k-1 k/k-1
ˆ= + t ( )| ' A Xĭ e I A X  (14) 
Since i jˆ= ª ºw w¬ ¼，șA g x and = =0șg ș , so =0A and k/k-1 =ĭ I . Therefore, 
T
k+1/k k/k-1 k/k-1= =P IP I P  (15) 
In Eq.12, k+1/kK =Kalman gain matrix is given by 
 
 
-1T T
k+1/k k+1/k k+1/k k+1/k k+1/k k+1/k k+1
-1T T
k/k-1 k+1/k k+1/k k/k-1 k+1/k k+1
= +
+ 
 K P H H P H R
P H H P H R
 (16) 
And k+1/kP  is given by 
   k+1/k k+1/k k+1/k k+1/k k+1/k k+1/k k/k-1= - = -P I K H P I K H P  (17) 
In short, Eq.12, Eq.16 and Eq.17 are analytical recursive solutions for the structural parameters. 
2.2. Sensitivity matrix 
Differentiating both sides of the equation of motion given by Eq.1 with respect toș using the chain rule, 
we obtain 
2
c s
2
d d+ + = ( , , )
dt dt
w wª º ª º
« » « »w w¬ ¼ ¬ ¼


ș ș
ș
x F x FM x F x x ș
x x
 (18) 
in which 
( , , )= - -w w
w w
c s F FF x x ș
ș ș
 (19) 
Introducing a state vector ( )șX ș  which contains șx  and d /dtșx : 
( )=
/d dt
ª º
« »
¬ ¼
ș
ș
ș
x
X ș
x
 (20) 
Eq.18 can be transformed into a state equation. i.e. 
 ș ș
( ) , ,d
dt
 
șX g X ș F  (21) 
in which  , ,șg X ș F  is a matrix function  
 ș ș-1 -1 -1s c c s, , +- - (- - )
ª º ª º
« » « » w w w w« » « »
« » « »w w w w¬ ¼ ¬ ¼
0 I 0
x x
g X ș F XF F F FM M M
ș ș
 (22) 
Consequently, ,k+1șX  can be computed from Eq.22, as follow 
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(k+1)ǻt,k+1 ,k ,k kkǻt ˆ= + , , dt³ș ș șX X g X ș F  (23) 
2.3. Solutions for the state vector X 
The state vector can be given by applying the classic Kalman estimator. 
3. Numerical Example of a 6-Story Hysteretic Shear Building 
Consider a 6-storey hysteretic shear building subject to one external excitation at the third floor. The 
equations of motion are given by 
(t) (t) (t) (t)    Mx Cx KZ fK  (24) 
in which the Z is vector of iz with iz (i=1,2,..,6) representing the hysteretic component of the restoring 
force. Herein it is modeled by the Bouc and Wen nonlinear differential equation as (Wen, 1976). 
) )i in -1 ni i i -1 i i i -1 i i i i i -1 iz x x x x z (z (x x zE     J          (25) 
where iE , iJ and ni are Bouc-Wen hysteretic parameters. The hysteretic force is hereditary, depending on 
the past history of deformation, and its description is very complicated. Thus, the structure is in nonlinear. 
The following parametric values are used in the numerical study: 125m kg L , 24k kN m L , mkNs.ci 10 , 
2.0 ( )i s mkNE  , 1.0 ( )i s mkNJ   and 2in  (i=1,2,…,6). The external excitation at the 3rd floor is a white-
noise excitation. 
 Using the two-stage kalman estimation approach derived above, the simulation results are shown 
as follow: 
Table 1: Identification results 
x Story No. x K(Kn/m) x c(kNs/m) x ȕ(s/mkN) x Ȗ(s/mkN) 
x 1st x 23.946 x 0.102 x 1.975 x 0.998 
x 2nd x 24.033 x 0.101 x 1.899 x 1.034 
x 3rd x 24.035 x 0.102 x 1.915 x 1.027 
x 4th x 23.992 x 0.098 x 1.966 x 0.996 
x 5th x 23.949 x 0.101 x 1.953 x 1.017 
x 6th x 24.069 x 0.106 x 1.997 x 0.998 
4. Conclusions 
In this paper, a new methodology referred to as the two-stage Kalman estimation approach, in which 
the state vector X and structural parameters ș are identified respectively, is proposed. A numerical 
example of identifying the parameters of a 6-story hysteretic shear building is conducted. The result 
shows that this approach is effective and has high accuracy, especially in nonlinear systems which usually 
contain additional nonlinear parameters.  
The two-stage Kalman estimation approach proposed in this paper can be used in other nonlinear 
systems, even which without proper mathematic model. It can be also used in large size structures 
decomposed into sets of small size substructures under limited input and output measurements. Relevant 
researches are undertaken by the authors. 
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Figure 1: Comparison of identified hysteretic forces          Figure 2: Comparison of identified displacement 
 
Figure 3: Comparison of identified velocity.   Figure 4: Comparison of nonliear displacement 
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